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Abstract 



In this paper we develop tools to study families of non-selfadjoint operators L(<p), ip £ 
P, characterized by the property that the spectrum of L(cp) is (partially) simple. As a 
case study we consider the Zakharov-Shabat operators L(<p) appearing in the Lax pair 
of the focusing NLS on the circle. The main result says that the set of potentials ip 
of Sobolev class H N ,N > 0, so that all small eigenvalues of L(<p) are simple, is path 
connected and dense. 

1 Introduction 

In this paper we develop tools to study families of non-sefadjoint operators L(ip), depending 
on a parameter ip. To fix ideas assume that the parameter space P is a subset of some real 
Hilbert space and for any <p G P, L(ip) has a discrete spectrum. Ideally, the spectrum 
specL(ip) is simple for any ip E P, i.e. any eigenvalue of L(<p) has algebraic multiplicity 
one, and specL(</?) can then be represented, under appropriate regularity assumptions on 
the parameter dependence of L(tp), ip G P, by a family of eigenvalues (Xj((p))j^j with 
Xj : P — > C being real-analytic for any j € J. However, typically, such a situation does not 
hold and one is interested in tools to estimate the size of the subset 

P' = {ip £ P | specL(c^) simple}. 

In particular, it is of interest to know if P' is open, dense, or connected. As an illustration 
we recall the classical theorem of Neumann and Wigner (18] saying that within the space 
P of all real symmetric n x n matrices, n > 2, the ones with multiple eigenvalues form an 
algebraic variety of codimensions two. In particular, the set P' of all real symmetric n x n 
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matrices with simple spectrum is path- wise connected and dense. See also [21 [3], [15], [6], 
[3] for related results. 

As a case study we consider in this paper the Zakharov-Shabat operators (ZS) appearing 
in the Lax pair of the defocussing nonlinear Schrodinger equation (dNLS) and the focusing 
one (fNLS). These operators are differential operators of first order of the form (x £1,4 = 
d/dx) 

where the potential cp = (ipx, p-i) is in L 2 = L 2 (T, C) x L 2 (T, C) and T = K/Z. In the case 
of dNLS, ip is in the subspace L 2 whereas in the case of fNLS, ip is in iL 2 r . Here L 2 C L 2 C 
denotes the real subspace 

L r = {f = (<Pl,<p2) G L 2 C | w = Jpx}. 

For p £ L 2 arbitrary we denote by spec p L(ip) the spectrum of the operator L = L(tp) with 
domain 

dom p L{ip) = {Fe H} oc x H} oc | F(l) = ±F(0)}. 

As has a compact resolvent spec p L(<^) is discrete and each of its eigenvalues has finite 
algebraic multiplicity. It is referred to as the periodic spectrum of L{p) and its eigenvalues 
as periodic eigenvalues of L{ip) - or by a slight abuse of terminology as periodic eigenvalues 
of tp. First let us state the following rough estimate of the periodic eigenvalues of L(p) - 
cf. Lemma 1 in |16| as well as Theorem 4.1 and Theorem 4.2 in [17] . For the convenience 
of the reader it is proved in Section 2. 

Lemma 1.1. [Counting Lemma] For each potential in L 2 there exist a neighborhood W C 
L 2 and an integer R £ Z>o so that for any <p G W , when counted with their algebraic 
multiplicities, L(tp) has two periodic eigenvalues in each disk 

D n = {A G C| |A-nvr| < vr/4} (1.2) 
with \n\ > R and 4R + 2 eigenvalues in the disk 

Br = {A G C I |A| < R-ir + 7r/4}. (1.3) 
There are no other periodic eigenvalues. 

The Counting Lemma shows that given a potential ip in L 2 , for any \n\ > R with R 
sufficiently large, the periodic eigenvalues of L{p) come in pairs, located in the disjoint disks 
D n . In case they are equal, one gets an eigenvalue of geometric and algebraic multiplicity 
two (cf. Section 2). For p in L 2 or iL 2 one can say more. Let us first consider the case 
ip G L 2 . Then L(tp) is self-adjoint and hence spec p L(ip) real. It is well known that when 
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listed with their algebraic multiplicities, the periodic eigenvalues are given by two doubly 
infinite real sequences, (A+) ne z and (A~) ne z satisfying A^ = nn + and 

• • • < A n < A+ < A n+1 < A+ +1 < • • • . 

- see e.g. [5] for a proof. In particular, L{ip) has a multiple eigenvalue iff there exists n£Z 
with A~ = A^\ The set Z n of potentials in L 2 with A~ = A^ is a real-analytic submanifold 
of codimension two. Hence, for any N G Z>o the set L 2 \ U| n |<Ar ^ n ^ s °P en ) dense, and 
connected in L 2 . Furthermore, \J neZ Z n is dense in L 2 . 

For ip E iL 2 , the periodic spectrum of L(<p) is more complicated. If ip 7^ 0, L{tp) is not 
selfadjoint and hence its periodic spectrum is not necessarily real. Moreover, besides the 
asymptotic properties provided by the Counting Lemma, the spectrum has a symmetry. For 
any A S spec p L((/?), its complex conjugate A is also a periodic eigenvalue and its algebraic 
and geometric multiplicities are the same as the ones of A (cf. Section 2). In addition 
any real eigenvalue has geometric multiplicity two and its algebraic multiplicity is even. No 
further constraints are known for the 4i?+2 periodic eigenvalues in the disk Br, given by the 
Counting Lemma. It turns out that some of the feature of spec p L{ip) are still comparable 
to the ones in the case where the potential is in L 2 . To describe them we introduce the 
following notion. 

Definition 1. We say that a potential ip € iL 2 is standard, if any real periodic eigenvalue 
of L((p) has algebraic multiplicity two and any periodic eigenvalue in C\R is simple. 

Denote by S p the set of all standard potentials in iL 2 . Due to the Counting Lemma, the 
property of being a standard potential involves only the AR + 2 eigenvalues in Br. One can 
show in a straightforward way that S p is open in iL^ and contains the zero potential. To 
state our main result we need to introduce some additional notation. For any N G Z>o, let 
= H N (T, C) x H N (T, C) and iR* = H? n iL 2 r where H N (T, C) denotes the Sobolev 
space of functions / : T — > C with distributional derivatives up to order N in L 2 (T, C). 
Note that H°(T,C) = L 2 {T,C) and H° = L 2 C . 

Theorem 1.2. For any N € 7j>q,S p n iHj? is path-wise connected. 

Remark 1.3. Concerning the proof of this theorem let us first point out that in contrast 
to papers such as J^j, the Hilbert spaces iH^ , N > 0, considered in Theorem \1.2\ are real. 
Therefore one can not apply the standard arguments used to prove that the complement of 
a proper algebraic variety in a complex Hilbert space is path-wise connected. 

We begin by analyzing potentials with a multiple eigenvalue A. It turns out that the 
case where the geometric multiplicity of A is equal to 1 and the one where it is 2 have 
to be treated differently. In Section 3 we show by general arguments that for any given 
ip £ iL? r with a periodic eigenvalue A^, of L(ip) of geometric multiplicity one and algebraic 
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multiplicity m p > 2 there is a neighborhood W of ip £ zL 2 so that the set of potentials in W, 
having a periodic eigenvalue near A^, of algebraic multiplicity m p and geometric multiplicity 
one, is contained in a real-analytic submanifold of codimension two (Theorem 13. 2p . A 
corresponding result is proved for a potential ip in il? r admitting a periodic eigenvalue of 
geometric multiplicity two (Theorem 13. 3 j) . The proof of Theorem 13.21 and Theorem 13.31 are 
based on a Theorem formulated in general terms and proved in Appendix A, providing a 
class of functionals which can be used to construct submanifolds with the properties stated 
in Theorem 13.21 and Theorem 13.31 In Section 2 we describe the set-up used throughout the 
paper and in Appendix B we illustrate our results for the constant potentials and show an 
auxiliary result needed in the proof of Theorem 13.21 

It follows from the proof of Theorem 11.21 that for any N E Z>o,<S p D iH^ is dense in 
Hip . However, there is a much easier way to prove this density result and it turns out 
that a stronger result holds. First we need to introduce some more notation. For i/jGL^, 
denote by spec^ L((p) the Dirichlet spectrum of the operator L(ip), i.e., the spectrum of the 
operator L(ip) with the domain 

dom D L(ip) = {f= (h,f 2 ) G ^([0,1], C) 2 |/i(0) = / 2 (0), /x(l) = / 2 (1)}. (1.4) 

The Dirichlet spectrum is discrete and each eigenvalue has finite algebraic multiplicity. Let 

Sr> '■= {f £ iL r | speco L(<p) is simple}. (1.5) 

Theorem 1.4. For any N £ Z>o, S p n iH^ and Sr> n iH~? are open and dense in iH^ . 

To prove the statement of Theorem l 1 . 41 concerning density, we locally reduce the problem 
to one for matrices and then use the discriminant to conclude the theorem. 

The basis for the study of the geometry of the phase space of fNLS are the spectral 
properties of L(ip). Such an analysis was initiated in [1] and later in more detail, taken 
up in [16]. However, much remains to be discovered - see also [5j. In a forthcoming 
paper we will use Theorem ll.2l to construct action and angle coordinates for the fNLS in a 
neighborhood of a standard potential ip S il? r . 

2 Set-up 

In this section we introduce some more notations, recall several known results needed in 
the sequel and establish some auxiliary results. We consider the ZS operator L(ip), defined 
by (jl-iP - for ip = (y?i, 1P2) in L 2 . For any A € C, let M = M(x,X,(p) be the fundamental 
2x2 matrix of the equation 

L{ip)M = AM 
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satisfying the initial condition M(0, A, <p) = Id2 X 2, 

M=( mi m2 

y rn-3 m.4 

Further, we denote by Mi, M% the first, respectively second column of M. The fundamental 
solution M(x, A, tp) is a continuous function on 1 x C x 1^ and for any given x G R, it is 
analytic in \,ip on C x L 2 - see e.g. Section 1 in [9]. Moreover, the proof of Theorem 1.1 
in [9] shows that the following stronger statement holds. 

Lemma 2.1. The fundamental matrix M defines an analytic map 

M: C x L\ -> C([0,2]), (\,<p) i-> M(-,A,p). 

For ip = 0, the fundamental solution E\(x) := M(x,X, 0) is given by the diagonal matrix 
diag(e _iA:r , e* A:c ). In the sequel we denote by (•)' the derivative with respect to A. 

Symmetry: The ZS operator has various symmetries - see e.g. [TJ. In this paper, the follow- 
ing one is used frequently. For any function / : R — > C 2 with components /i,/2 introduce 
the functions /, / : R — )• C 2 , given by 

/=(-/2,/l) and / = -(/ 2 ,/i). 
Note that for any 99 G L 2 , one has = iff G iL 2 and that J/ := / is an anti- involution, 

y\f j. 

Lemma 2.2. Assume that Lp G L 2 , A G C, and / in P/ oc (R,C 2 ) sofces (L(tp) - \) n f = 
for some n G Z>i. Then 

(L(0)-A) n / = O. 

Proof. Introduce the matrices 

*=(!;)• fl =(i-°i)- J =(!~o 

A direct computation shows that Pi? = J, Pi? = -(PP) -1 , P 2 = Id, and P 2 = Id. As 

L(ip) = iRd x + ( ^} ) it then follows that 
V y>2 J 



PR(L(<p) - A)(PP) _i = L(0) - A 

and hence 

PR(L(p) - XT(PR)- 1 = (L(0) - A) n . 

As / = PP/ one then concludes for any / G P/ oc (R, C) satisfying (!>(</?) — \) n f = that 
(L(0) - A) n / = as claimed. □ 



5 



Periodic spectrum: By the definition of the fundamental solution M, any solution / of the 
equation L(ip)f = Xf is given by f(x) = M(x, A)/(0). Hence, a complex number A is a 
periodic eigenvalue of L(<p) iff there exists a non zero solution of L(ip)f = Xf with 

/(l) = M(l,A)/(0) = ±/(0). 

It means that 1 or —1 is an eigenvalue of the Floquet matrix M(1,X). Denote by A(A) = 
A(A, <p) the discriminant of L(ip), 

A(A, ip) := mi(l, A, <p) + m 4 (l, A, <p), 

i.e., the trace of the fundamental matrix M, evaluated at x = 1. In view of the Wronskian 
identity, detM(l, A) = 1, it then follows that A is a periodic eigenvalue of L(cp) iff A(A) = 
±2. For later reference we record the following 

Proposition 2.3. For any <p G l? c , the periodic spectrum of L(ip) coincides as a set with 
the zero set of the function 

X P (A) = x P (A,^) = A 2 (A,(^)-4. 
The discriminant A and hence the characteristic function Xp are analytic on C x l? c . 

Actually, more is true. We will see below that for any periodic eigenvalue A« of L(ip), 
the algebraic multiplicity of A^ coincides with the multiplicity of A^ as a root of Xp( - , ( / 9 )- 
Recall that the algebraic multiplicity of a periodic eigenvalue A of L(ip), <p G L%, equals the 
dimension of the root space R\((p), defined as the following subspace of dom p L{ip), 

R x (<p)={f G domp L(<p) |3nGNVl<A;<n, L(ip) k f G dom p L(<p), (A - L(ip)) n f = 0}. 

First we give the following rough localization of the roots of Xp ~ see Section 6 in [9] . 
Recall that the disks D n and Br have been introduced in (II. 2D respectively (|1.3p . 

Lemma 2.4. For each potential in l? c there exist a neighborhood W in l? c and R G Z>o 
such that for any cp G W the entire function Xp("> has exactly two roots in each disk D n 
with | tt. | > R, and AR + 2 roots in the disk Br, counted with their multiplicities. There are 
no other roots. 

Lemma 12.41 leads to the following corollary. To formulate it, denote by ||y||i the norm 
of if G Hi, 

IMIi:=(IM| 2 +IIM| 2 ) 1/2 - 

Corollary 2.5. For any p > there exists R = R p > 1 so that for any ip G H\ with 
IMIi — P> the entire function Xpi'-,^) has exactly two roots in each disk D n with \n\ > R 
and exactly 4i? + 2 roots in the disk Br, counted with their multiplicities. There are no 
other roots. 
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Proof. For any <p € let := W and ii^ := i? be as in the statement of Lemma 12.41 
By Rellich's theorem, H\ is compactly embedded in l? c . Hence there exist finitely many 
potentials (cp J )j^j in H\ with < p so that (W v j)j & j covers the closed ball of radius 

p in H\ centered at 0. Then R = R p := maxj 6 j R^j has the claimed properties. □ 

We now prove that the algebraic multiplicity of a periodic eigenvalue equals its multi- 
plicity as a root of the characteristic function \p- First we note that by functional calculus, 
the algebraic multiplicity m p (X) = m p (X, if) of a periodic eigenvalue A of L(<p) with ip £ L\ 
is equal to the dimension of the subspace of dom p L(ip), given by the image of the Riesz 
projector U x {(p), 

nA(^) = ^ / (z - L p (ip))- 1 dz, 

lm JdB(X) 

where L p (np) denotes the operator L(tp) with domain dom p L(ip), B(X) denotes the open 
disk centered at A with sufficiently small radius so that B(X) n spec„L(</?) = {A}, and the 
circle dB(X) is counterclockwise oriented. By Proposition ^. 3\ A is a root of Xp("> Denote 
by m r (X) the multiplicity of A as a root of Xp('> i P)- 

Lemma 2.6. For any periodic eigenvalue X of L(ip) with ip € L\, m r (X) = m p (X). 

Proof. First, note that a direct computation shows that the statement of the Lemma holds 
for the zero potential ip = 0. A simple perturbation argument involving Proposition 12.31 
Lemma 12.41 the argument principle, and the properties of the Riesz projector (see the 
arguments below), then shows that the Lemma continues to hold in an open neighborhood 
of zero in L 2 C . 

Now, consider the general case. Take ip € L? c . As {sp | < s < 1} is compact in L? c 
there exist a connected open neighborhood W of the line segment [0, tp] in l? c so that the 
integer R > 1 of Lemma 12.41 can be chosen independently of ip G W. First consider the 
periodic eigenvalues in Br. For ip € W denote by LTr(^) the Riesz projector 

U R (i;) = ^- [ (z - L^))- 1 dz. 
2™ Jq Br 

Note that by functional calculus 

Image IIr(^) = ®\eB R n S pec p L{^)Rx(ip) (2.1) 

where R\(<p) is the root space corresponding to A. Moreover, standard arguments show 
that W — ¥ C{Ll,L 2 c ), ip i— >■ Hn(ifi), is analytic. In particular, by the general properties of 
the projection operators the dimension of Image LTr^) is independent on ip G W (see [TO] . 
Chapter III, §3). Consider the operator, 

27Tl JdB R 
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One easily sees that W — > C(L^,,L^.), tp h-» A(i/j), is analytic. By functional calculus 
1 imager^) = M^) llma g en fl (^) , an d hence 

det ^A - ^(VOIlmageilflW-)) = det ( A - ^WllmagcriflWo) ■ 

Hence the polynomial 

Q(A,V>) := det (A - £ P 0)!imagen fl Wo) 

is well defined, analytic in C x W, and has leading coefficient one. By (|2.ip . the roots of 
Q(-,ip) are precisely the periodic eigenvalues of L(ip) in .Br counted with their multiplicities. 
On the other hand, define 

PM):= II (A-A+)(A-AT). 

\j\<R 

Note that P(\,i/j) is a polynomial in A of degree AR + 2 with leading coefficient 1. By the 
argument principle and the last statement of Proposition 12.31 P(\, ip) is analytic in C x W. 
Hence, the coefficients of Q(-,ip) and P(-,ip) are analytic on W. As Q(-,ip) = P(-,if)) in an 
open neighborhood of zero in L? c we get by analyticity that 

for any ip £ W. In particular, the Lemma holds also for any A G -BRflspec,, L(tp). The same 
argument shows that the statement of the Lemma holds also for any A € D n n spec p L(^), 
\n\ > R. □ 

Now we are ready to prove Lemma 1 1 . 1 1 stated in the introduction. 

Proof of Lemma \1.1[ By Lemma 12.61 for any tp € L%, the roots of Xpi'iP) coincide with 
the eigenvalues of L p (tp), together with the corresponding multiplicities. Lemma 1 1.11 thus 
follows from Lemma 12.41 □ 



For potentials tp in iL^, the results discussed so far lead to a convenient description of 
the periodic spectrum of L(tp). To state it we introduce the following order of C. We say 
that two complex numbers a, b are lexicographically ordered, a =<! b, if [Re(a) < Re(6)] or 
[Re(a) = Re(6) and Im(a) < Im(6)]. 

Proposition 2.7. For any tp G iL^,, any real periodic eigenvalue of L(tp) has geometric 
multiplicity two and even algebraic multiplicity. For any periodic eigenvalue A of L(tp) in 
C \ R, its complex conjugate A is also a periodic eigenvalue of L{tp) and has the same 
algebraic and geometric multiplicity as X. It then follows that the periodic eigenvalues 
of L(tp), when counted with their algebraic multiplicities, are given by two doubly infinite 
sequences (A+) n( =z and (A~) ng ^ where A" = A« and ImA+ > for any n G Z so that 
(A^) ne z is lexicographically ordered. 
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Proof. It follows from Lemma 12.21 that for any A £ spec p L((p), its complex conjugate A is 
in spec p L((p) as well and that A and A have the same geometric and the same algebraic 
multiplicities. In addition, it follows from Lemma 12.21 that the geometric multiplicity of 
each real periodic eigenvalue is two. It remains to show that any real periodic eigenvalue 
of L((p) has even algebraic multiplicity. Denote by R\(tp) the root space of L(ip) — A. By 
Lemma [2.2l 3f = f is a R-linear anti-involution, leaving the finite dimensional vector space 
invariant. Hence 3 defines a complex structure on R\(<p) and hence dim^ R\(<p) is even. 
This means that the algebraic multiplicity of A is even. □ 

Finally, we state the following well-known result on the asymptotics of the roots of Xp 
- see e.g. Section 6 in [9]. 

Proposition 2.8. For any <p £ L 2 C , the set of roots o/xp(", ( / J ); listed with multiplicities, 
consists of a sequence of pairs A~ (<£>), A+ (ip), n £ Z, of complex numbers satisfying 

A±(¥>) = n-K + il 

locally uniformly in ip, i.e., the sequences (X^(p) — n7r) ng g are locally bounded in £ 2 (Z, C). 

Discriminant: Denote by A the partial derivative of the discriminant A(A, if) with respect 
to A. Then A(A,c/?) is analytic on C x l? c as well. The following properties of A and A 
are well known- see e.g. Section 6 in [9] as well as Proposition 12.71 above. To state them, 
introduce 

7r n := nir for n £ Z \ {0} and ttq := 1. 
Proposition 2.9. Let (p be an arbitrary element in l? c . 

(i) The function A h4 A 2 (A,(/?) — 4 is entire and admits the product representation 

A 2 (A, <p) - 4 = -4 J] (A " ((/?) - A) P" (v?) - A) . 

(ii) The function A i— > A(A, is entire and has countably many roots. They can be listed 
when counted with their order in such a way that they are lexicographically ordered and 
satisfy the asymptotic estimates 

A n = mr + £l, 

locally uniformly in tp. In addition, A(X,(p) admits the product representation 

A(A^) = 2n^- 
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(Hi) For any <p € il? r and A G C, 

A(A, cp) = A(A, ip) and A(A, ip) = A(A, y?). 

In particular, the zero set of A(-,<p) is invariant under complex conjugation. In view of the 
asymptotics stated in (ii), for n sufficiently large, X n is real. 

Dirichlet spectrum: Recall from the introduction that for ip € I? c we denote by specj) L(ip) 
the Dirichlet spectrum of the operator L((p), i.e., the spectrum of the operator L(tp) consid- 
ered with domain (jl.4p . As L(<p), when viewed as an operator with domain dom£>(L) has 
compact resolvent the Dirichlet spectrum is discrete. For any A £ C and tp G D\, denote 

M:=( ^ ™>)=M(1,X,V). 
V 1713 m4 J 

Similarly as in the periodic case, one can show that the operator L(tp) with domain dom.£>(L) 
admits the entire function 

XD&V) ■= j. 

as a characteristic function and that the following results hold. 

Lemma 2.10. For an arbitrary potential in I? c there exist a neighborhood W in I? c and an 
integer R > 1 so that when counted with their algebraic multiplicity, for any tp £ W, there 
is exactly one Dirichlet eigenvalue in each disk 

D n := {A G C I |A — nir\ < ir/4} \n\ > R, 

and there are exactly 2R + 1 Dirichlet eigenvalues in the disk 

B R := {A € C I |A| < Rir + tt/4} . 

There are no other Dirichlet eigenvalues. 

Proposition 2.11. (i) For any tp € L? c , the Dirichlet eigenvalues (yu n (¥'))ngz of L(ip) can be 
listed with their algebraic multiplicities in such a way that they are lexicographically ordered 
and satisfy the asymptotic estimates 

Hn{<p) = nir + i 2 n , 

locally uniformly in p. Moreover, Xd(A, (p) admits the product representation 

fJ-n ~ A 



xd{\p>) = - n 



(ii) For tp 6 1%, the Dirichlet eigenvalues are real and for any n £ 

K(<P) < Vn{<p) < A+ ((p). 
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By Lemma [2 .101 for |n| sufficiently large, the Dirichlet eigenvalue u n is simple. Moreover 
one has 

Lemma 2.12. (i) If for a given potential ip G L 2 C , X is a periodic eigenvalue of L(<p) of 
geometric multiplicity 2, then X is a Dirichlet eigenvalue of L(ip). (ii) If for a given potential 
ip G iL 2 ., X is a real periodic eigenvalue of L((p) then it is of geometric multiplicity two and 
hence also a Dirichlet eigenvalue of L(ip). 

Proof, (i) If A is a periodic eigenvalue of L(ip) of geometric multiplicity two, then M\,M2 
and hence Mi + M 2 satisfy periodic or anti-periodic boundary conditions. As 

mi(0) + m 2 (0) = 1 = m 3 (0) + m 4 (0) 

it then follows that A is a Dirichlet eigenvalue, (ii) follows from (i) and Proposition 12.71 □ 

I? -gradients: Let F : V — > C be an analytic function on an open set V in L\. The L 2 - 
gradient dF of F at ip G V is an element in L 2 such that for any h G L 2 

d^F(h) = (OF, h) r 

where d^F denotes the differential of F at ip and 

(dF,h) r := [ ({diF)(x)hi{x) + {d 2 F)(x)h 2 {x)) dx . 
Jo 

Let A^ be a periodic eigenvalue of L(ip), p G L 2 , of geometric multiplicity one. Then 
M(X v ,p) ^ ±Id2x2> an d hence rh^A^,^) or m^X^^p) is not equal to zero. The proof of 
the following lemma can be found e.g. in Section 4 in [9] (cf. Lemma 2 in [16]). To state it 
introduce the * product, (/i,/ 2 ) * (gi,g 2 ) ■= {f292,fi9i)- 

Lemma 2.13. Under the conditions listed above and if in addition m2(X ip ,p) ^ one has 

idA = m,2f * f 

where f is the eigenfunction of X^, normalized so that 

f(x) = M(x,X tp ,(f)^\ with C := (£ - mi)/m 2 , 

where £ G {±1} is the eigenvalue of M(X V , ip). Similarly, i/ 777.3 (A^, </j) ^ 0, then at (X v ,p) 

idA = -m 3 f * f 

where 

f(x)=M(x,X ip ,p)[ ) with C := (£ - rn 4 )/m 3 . 
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Actually, the formulas for <9A above can be obtained from the following formula for dM 
(see Section 3 in [9]). 

Lemma 2.14. The L? -gradient of the Floquet matrix M = M(l, A, (p) is given by 

•dM = (~™ lMl * M2 + fa ' lMl * Ml -™i M 2 *M 2 + m 2 M x * M 2 \ , s 

' ( \-m 3 Mi *M 2 + rhiMi * Mi -m 3 M 2 * M 2 + m 4 M l * M 2 ) ^ ' ' 

where M\ and M 2 are the two column vectors of M and the elements of the matrix in 
parentheses are column vectors. 



3 Proof of Theorem Q 

The aim of this section is to prove Theorem 11.21 saying that S p D iH^ is path connected 
for any N G %>o- First we need to analyze multiple periodic eigenvalues of L(<p) locally in 
iL%. Recall that the characteristic functions for the Dirichlet and the periodic spectrum of 
L(ip), if 6 L^, denoted by xd and Xp respectively, are given by 

2iXD(K<p) = (m4 + rh 3 -m 2 -fni)\ Xtp and x P {\ V 7 ) = (("^i + ^if ~ 4 )| A >ip ■ 

Assume that A G C is a periodic eigenvalue of L{ip) of geometric multiplicity two, 

m g {X,f) = 20 

By Lemma 12.121 it then follows that A is at the same time a Dirichlet eigenvalue, i.e., 

Xd(A) = 0, x P (A) = 0, and d x x P W = . 
One can easily see that the following more general statement holds. 

Lemma 3.1. Let tp G and let X be a periodic eigenvalue of L(ip). Then m g (\, ip) = 2 iff 
M(X) = M(l, A) is diagonalizable or, equivalently, M(X) G {±Id2 X 2}- 

A periodic eigenvalue of geometric multiplicity two, m g (X,<p) = 2, is said to be non- 
degenerate if the algebraic multiplicity of A, when viewed as a periodic eigenvalue of L(ip), is 
two, m p (\,tp) = 2, and degenerate otherwise. Note that for the zero potential, any periodic 
eigenvalue is of geometric multiplicity two and non-degenerate. More generally, by Lemma 
I2.12f ii) any real periodic eigenvalue of L(ip) with ip G il? r is of geometric multiplicity two. 
It might be degenerate - see Corollary I6.7f iii) in Appendix B. Furthermore note that a 
non-degenerate periodic eigenvalue of L((p), tp G iL%, of geometric multiplicity two is not 

1 In what follows, m 9 (A) = m g (\, tp) denotes the geometric multiplicity of A G C as a periodic eigenvalue 
of L(<p). 
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necessarily a simple Dirichlet eigenvalue. Indeed, by Corollarv l6.7t for the constant potential 
(p a = (a, —a), a G C, and n G Z>i with < mi < \a\, the points ±i ^/|a| 2 — n 2 ir 2 are non- 
degenerate periodic eigenvalues of geometric multiplicity two. As ilm(a) is a Dirichlet 
eigenvalue of L(p a ), the phase of a can be chosen so that Im(a) equals ^/ 1 a. | 2 — n 2 ir 2 - see 
Corollary l6.8l For such an a, i \/\a\ 2 — n 2 7r 2 is a Dirichlet eigenvalue of algebraic multiplicity 
two. 

The first result concerns potentials ip G iL 2 with the property that L(tp) admits a 
periodic eigenvalue with m p {\^) > 2 and m g (X^) = 1. In this case it is convenient to 
distinguish between a periodic eigenvalue in the proper sense, characterized by A(X^,tp) = 
2 and an anti-periodic eigenvalue, characterized by A(X^,ip) = —2. The corresponding 
characteristic functions are 

X±(A,V0=A(A,V0=F2. 

Note that Xp(\ip) = Xp ip)xp~ (A, V0- Finally denote by I? £ (A^) C C the open disk of 
radius e > centered at A^. 

Theorem 3.2. Assume that for ^ G iff^, iV > 0, A^, is a periodic eigenvalue of L(ip) 
in the proper sense [alternatively, anti-periodic eigenvalue of L(ip)] of algebraic multiplicity 
m > 2, and geometric multiplicity one. Then for any e > sufficiently small there exists 
an open neighborhood V C iH^ of ip such that the set 

X := {p G V [ 3A G D £ {X 1 p) with m p (X, p) = m and m g (X, p) = 1} 

is contained in a real-analytic submanifold Y of iH^ of (real) codimension two, which is 
closed in V. In addition, V can be chosen so that for any ip G V, all periodic eigenvalues of 
L(p) in D £ {X^) have geometric multiplicity one. 

Proof. First assume that N = 0. As the cases where A^, is a periodic eigenvalue in the 
proper sense and where it is an anti-periodic eigenvalue can be treated in the same way 
we concentrate on the first case only. First we remark that due to Proposition 12.71 one 
has Im(Aw,) ^ 0. By the first part of Theorem 15.11 applied to the characteristic function 
Xp(X, <p) = A(A, ip) — 2, for any e > sufficiently small there exists an open neighborhood 
V C iL 2 of ip so that for any p G V,L(p) has m periodic eigenvalues X 1 (p), . . . ,X m (p), 
listed with their algebraic multiplicities, in the the open disk D £ = D £ (X^) and none on 
the boundary dD £ . By the characterization of the geometric multiplicity of Lemma 13.11 
m g{^tji) = 1 implies that either m2(A^,^) ^ or fh^{X^,ip) ^ 0. Hence by shrinking V and 
e > if necessary it follows that m g (X k (p)) = 1 for any 1 < k < m and p G V. 

In order to apply Theorem I5.1( i) we look for an analytic function F : C x L 2 — > C so 
that X - after shrinking V, if necessary - is contained in the zero set of 

m 
3=1 
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For any q > 1, take F q (X) = (A — X^) Q . By Theorem 15, If ii) applied to the pair (F q , \p ) one 
concludes that 

m 
3=1 

is analytic Jl Note that for any ip € X, 

E m (<p) = m(A v , - X^) m and Ei(<p) = m(X tp - X^) 

where for ip G X, Xp denotes the unique periodic eigenvalue of L((p) in D £ (X^). To obtain 
a functional which vanishes on X we set 

G:V^C, ip^m m ~ 1 E m (ip)-E 1 (^) m . 

Note that G is analytic and 

G\ X = Q. (3.1) 

As dF m = and as F m (X) has a zero of order m at A = A^, one concludes from Theo- 
rem EIEKii) that at (A, ip) = (X^p,ip), 

dE m = ad A, a^O. 

As m > 2 and E\(ip) = it follows that 

d(E x (y) m ) =mE 1 (<p) m - 1 dE 1 =0 

and hence at <p = ip 

dG = adA, a + 0. 

It remains to show that near ip the zero set of G is a real-analytic submanifold of codimension 
two. Clearly 

G R : V ^R,ip^ReG{<p) and Gi : V -> K, y> ^ Im G(^) (3.2) 

are two real-analytic functionals. In view of the implicit function theorem it then remains 
to show that the differentials d^Gji and d^pGj as elements in C(iLf.,W) are M-linearly inde- 
pendent. Recall that by assumption, A^ has geometric multiplicity one. Then rri2(X^,ip) or 
fn^{X^,ip) is not equal to zero. Assume for simplicity that m,2(X^,ip) ^ 0. The case when 
^3 (A,/,, ip) ^ is treated in the same way. It follows from Lemma 12.131 that at (X^,ip) 

idA = 777,2/ * f 



A function F : V — > C, V C iL r , is called analytic if it is the restriction to V = V c n iL r of an analytic 
function F : V c — > C where V c is an open set in l? c . 
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where / is the appropriately normalized 1-periodic eigenfunction of L(ip) corresponding to 
Aw,. Summarizing the computations above, one has in the case where rh 2 {\^,) 7^ 

dG = — ia ■ m2(A^,)/ * /, (3.3) 

In view of Lemma 15.31 (hi) it is to show that the R-linear functionals in iL 2 

£ R (h) := Re«/ * /, h) r ) and £ T (h) := Im((/ * /, h) r ) , h E iL 2 r , 

are R-linear ly independent at ip (see the discussion before Lemma 15.31 in Appendix A). By 
Lemma l5.3f iv) we know that in and £j are R-linearly dependent iff there exists c E C\{0} 
so that 

cf*cf + c777f = 0. (3.4) 

Assume that (I3.4p holds for some c 7^ 0. It is convenient to introduce g := cf and s := g = 
(— <72,5i). Then equation (|3.4p reads 

(ffi,fli) = (ai,«2). (3-5) 

By Lemma 12.21 s satishes 

L(ip)s = A^s. 

Hence, 

iffi + V>i52 = A^oi and is[ + V1S2 = A^si (3.6) 

-*02 + V>25i = A^5 2 and - is' 2 + ip 2 si = X^s 2 . (3.7) 

As g = ((71,52) G /^/ oc (M, C 2 ) is a non-zero 1-periodic solution of L(ip)g = X^g we conclude 
that g(x) ^ for any x G M. This and the periodicity of a imply that there are only four 
possible cases: 

Case 1: There exists a non-empty hnite interval (a, b) C R such that Vx G (a, 6) 

51 0*002 0*0 / 0, g 1 (a)g 2 (a) = 0, and gi(b)g 2 (b) = 0; 
Case 5.' There exists a non-empty finite interval (a, 6) C R such that Vx G (a, 6) 

gi(x) = and 52(2;) ^ 0; 
Case 3: There exists a non-empty finite interval (a, 6) C R such that Vx E (a, 6) 

g 2 (x) = and pi(x) ^ 0; 

Case I' Vi G 1 

51(^)52(3;) + 0. 
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First, assume that Case 1 holds. It follows from f)3.5j) that on (a, b), 

gi = aisi and g 2 = a 2 s 2 (3.8) 

where 01,02 € {±1}- If 01 = 02 one obtains from (|3.6p that Im(A^)oi = on (a, b). As 
Im(Aw,) / we see that gi = on (a, 6). This contradicts one of the assumptions in Case 
1. Now, assume that (01,02) = (1,-1). Summing up the two equations in (|3.6p we get 
that = Re(A^,)<7i on (a, &), or g\(x) = ^ ie - jRe ( A v) x 5 with constant 771 ^ 0. Similarly, one 
gets from (|3.7p that 172 (2O = 772 e^ 6 ^^, 772 7^ 0. This implies that gi(x)g 2 (x) = 771772 7^ 
on (a,b). By continuity, g\{a)g 2 {a) ^ 0, which contradicts again one of the assumptions in 
Case 1. The case (01,02) = (—1,1) is treated in the same way. Hence, Case 1 does not 
occur. 

Now, assume that Case 2 holds. Then, it follows from (j3.5j) that on (a, b) 

gi = s\ = and g 2 = as 2 

where G {±1}- This together with (|3.7|) implies that \m{\^)g 2 = on (a, b). As Im(A^,) 7^ 
we see that g 2 = on (a, 6). This contradicts one of the conditions in Case 2. In the same 
way one treats Case 3. 

Finally, consider Case 4- Arguing as in Case 1 we see that (13.8|) holds and the only 
possible cases are (01, 02) = (1> — 1) and (01,02) = (—1,1). If (01, 02) = (1,-1) one 
concludes from (|3.6p that 

ig[ = Re(X^)gx and V152 = «Im(A^)#i (3.9) 

and from (|3.7p that 

V>23i = iIm(A^)g 2 and - ig 2 = Re(X^)g 2 . (3.10) 

Hence 

with 771,772 in C\{0}. Solving (|3.9p - (l3.10p for ipi,ip2 one then gets 

^1 = ilm(A^)— = iIm(A^)^e- 2iRe(A ^ ):c 

and 

^2 = iIm(Av>)- = tlmO*) — e 2lRe ^ x . 
9i Vi 

As ijj £ iL 2 and thus ip^ = —ip 2 one has 771/772 = e ,Q with a € M, and as ^ is 1-periodic it 
follows that Re(A^) = kn for some k £ Z. Hence 

V>i(x) = iIm(A^)e ia e- 2fe7r ^ and A^ = fcvr + ilm(A^). 
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By Lemma 16.61 = kir + ilm(A^) has algebraic multiplicity one. This contradicts the 
assumption m p (X- l p) = m > 2. The case (oi,o"2) = (— 1, 1) is treated in the same way 
as the case (<7i,<72) = (1,-1). Altogether we have shown that Er and £j, and hence 
the differentials cI^Gr and d^Gi, are R- linearly independent. As G | x = 0, the claimed 
statement concerning X then follows from the implicit function theorem. 

Finally, assume that N > 1. Take ifi E iH^ and note that the restrictions Gji\ VniHN 

and Gj\ VniHN of the functionals (|3.2p considered above are real-analytic. Moreover, for any 

h E iH? 



d^{G R \ VniH x)(h) = (dG R ,h) r and d^{Gi\ VniH ^){h) = (dGi, h) r . 

Assume that there exist a, j3 € K, (a, (3) ^ 0, such that for any h E iH^ , a(dG R , h) r + 
(3(dGj,h) r = 0. As iH^ is dense in il%, we see by a continuity argument that the last 
equality holds also for any h E iL^- As this contradicts to the result obtained in the 
case JV = we get that the differentials (Gr | VniH N ) and d 1 p(Gj\ VniHN ) are M-linearly 

independent in C(iH^ ,K). Then, arguing as in the case N = we complete the proof of 
Theorem I3T21 □ 



The second result deals with potentials ip E il% with the property that L(ip) admits a 
periodic eigenvalue with m g {\^) = 2. In this case, M(A^) E {±Id2 X 2} and hence A^, is 
at the same time a Dirichlet eigenvalue. Denote by m^A^) the algebraic multiplicity of A^, 
as Dirichlet eigenvalue. 

Theorem 3.3. Assume that for ip in iH^ , N > 0, A^, is a periodic eigenvalue of L{ip) 
in the proper sense [alternatively, anti-periodic eigenvalue of L{ip)] with m g (X t p) = 2 and 
m,£){\^,) = m > 1. Then for any £ > sufficiently small there exists an open neighborhood 
V C fflr of rp such that the set 



X := {tf E V | 3A E D £ {\ip) with m g (X, ip) = 2, tttd(A, <p) = m} 

i n a i v h i - i it ri i i tj i 11 ■> 1 1 in i in 1 1 1 1 un i / i n i .! ./ 

closed in V . 



is contained in a real-analytic submanifold Y in iH^ of (real) codimension two, which is 



Proof. As the case TV" E Z>i is treated in the same way as N = - see the proof of Theorem 
3.21 above - we concentrate on the latter case only. Similarly, as the cases where A^, is a 
periodic eigenvalue in the proper sense and where it is an anti-periodic eigenvalue can be 
treated in the same way we concentrate on the first case only. It turns out that we have to 
distinguish between two different cases. We begin with the case where m = m£>(A^,) > 2. 

Case 1: m > 2. By Theorem 15.1( 1). applied to the characteristic function Xd(A,^) = 
|(mi+m2 — 7713 — 7714) I A , for any e > sufficiently small there exists an open neighborhood 

V C il? r of ip so that for any ip E V,L(ip) has m Dirichlet eigenvalues /J 1 ^), • • • , M m (y>)> 
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listed with their algebraic multiplicities, in the open disk D e = D £ (X 1 p) and none on the 
boundary dD £ . Similarly as in the proof of Theorem 13. 2\ introduce the functional 

G:V^C, V }^m m - 1 E m ((p) -E^ip) 771 (3.11) 

where here, for any q > 1, 

m 
i=i 

By Theorem 15.1 H i), applied to F q (X) := (A — X^) q and Xd{\ y)j one concludes that E q is 
analytic for any q > 1. Note that for any 99 € X, 

E m ((p) = m(n v — X^) m and E^cp) = rn(fj, (p - \p) 

where for 93 E X,fA v denotes the unique Dirichlet eigenvalue of L{ip) in D £ . It then follows 
that 

G\ x = 0. 

As dF m = and as F m (X) has a zero of order m at A = A^, one concludes from Theo- 
rem Ejjii) and ([3. lip that at (A, 93) = (X^,ip), 

8G = adxD, a^O. (3.12) 

By Lemma |2.14| the L 2 -gradient of the Floquet matrix M = M(l, A, 92) is given by 

■RM = (~™ lMl * M 2 + rn 2 Mx * M x -m x M 2 * M 2 + m 2 M x * M 2 \ , , 

% \-m 3 M 1 * M 2 + m 4 M 1 * M 1 -m 3 M 2 * M 2 + m 4 Mi * M 2 ) ' ' ' 

where M\ and M 2 are the two column vectors of M and the elements of the matrix in 
parentheses are column vectors. Thus 

2d\D = idrh\ + idrh 2 — idm 3 — idm^ 

= (m 2 - m 4 )Mi * Mi + (rh 3 - m 1 )M 2 * M 2 

+ (m 2 + fn 3 - mi - m 4 )Mi * M 2 . (3.14) 

As at (A, 92) = (Xrf,ip), M = Id 2x2 one gets 

2<9xd = -Mi * Mi - M 2 * M 2 - 2Mi * M 2 . (3.15) 

By Lemma [2TTT M(-,X^,ip) € C([0,2]). In particular, it can be evaluated at x = 0. One 
thus obtains 



29 X d(0,A^,V) = -(J 
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In view of ([3T2t 



dG 



a/1 



a / 0. 



(3.16) 



In addition to G we need to introduce a second functional, denoted by H, 

m 

H:V^C, ip h»y]m 2 (]U J '(y),y). 

Note that iif | ^ = 0. By Lemma 12. 11 rh 2 : C x L 2 C — > C, (A, i— >• 7712(1, A, 99) is analytic. By 
Theorem 15. H applied to (F, x) = ("12>Xd) it follows that is analytic and that at (X^p,ip) 

m 

dH = m drri2 + ajd™~ 3 ' d\D- 

j=0 

As rn^A,/,,^) = 0, ao = by Theorem 15. II and one gets at (X^,ip) 



dH = m drri2 + a j<9™ 3 d\D- 
i=i 

Let us first discuss the term m drri2 m more detail. By ()3.13j) one has 

i drh,2 = —fn\M2 * M2 + rr^Afi * M2. 
As M = Id2x2 at (\^,ip) one then gets 

1 



(3.17) 



i (9rri2 



x=0 



and m drho 



im 



x=0 



(3.18) 



Next, let us turn to the second term of the right hand side of formula (|3.17p . It follows 
from (|3.14p and Lemma |2. II that 

C->C([0,2]), X^d XD (;X^) 

is analytic. This implies that 

d k x d XD {;\^) 

For any A € C 



x=0 



d k x (d XD (0,\,ip))- 



2<)\i)(U. A. f) - (m 2 - m 4 )[°^) +(m 3 -mi) 



(m 3 - mi) ( ) + (mi + rh 2 - rh 3 - rh 4 ) 
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or 



2d XD (0, A, V) = (m 3 -mi) I - 2i X D(A, V) 



(3.19) 



As by assumption, c?$xd(A^, "0) = for any < fc < m — 1, it then follows from formula 
(|3~T9|) that 

T 



2d™~:> (d XD (0,\,4>)) 



x=x= d T 3 (^3- mi) 



A=A * \ i 



for any 1 < j < m. When combined with (|3.17p and f)3. 18j) one has 



dH\ 



x=0 



im + k 




(3.20) 



for some k € C. 

Following the notation introduced in Appendix A, denote by t = l G : iL^ — > C the 
R-linear functional induced by dG = (d\G, d 2 G) 



i G (h) ■= {8G,h) r = I (dxGhx + d 2 Gh 2 )dx 



and let 



£%(h) := Re((dG, h) r ) and ^(/i) := Im((SG, /i) r ). 
According to (I5.4p . one has for /i G iL^ 



and similarly 



9 S 



a. 



s=0 



ReG^ + s/i) =^5(/i) 



ft 



/ r)G — BG 

ImG(<p + sh)=£f(h) = ( — — 

s=0 \ 2i / r 



where we recall that for / = (/i, /2) € L^, / is given by / = — (/ 2 , /i). By formula (|3.16j) . 

for ip = ip, 



and 



1 

2 

1 
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(dG + 9G) 
(dG - dG) 



=o = I (S - a) (l 



i im(a) (! 



(3.21) 
(3.22) 



where Similarly, we define for H 

>dH + dH 



h) and e?(h) = ( dH - 9H ,h 
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By formula (|3.20p . at ip = ip, 



-idH + dH) =i(m/2 + lm(n))[ 1 ) (3.23) 
2 x=o \1 J 



and 



4( w -®)L=?(-i)- !ReW G)- (324) 

In view of the identities (|3.2ip - (|3.24p introduce 
and 

w v^ro (ReG(tp), Im(o) + 

[ImG(^), lm(o) = 

As a / 0, Im(a) = implies that Re(a) ^ and hence according to (I3.22p . ^(dG — 
dG) I x=Q = -f Re(o)(J) / 0. Now define 

Y = {<p€V\F 1 {<p) = 0,F 2 (<p) = 0}. 

By construction, G \ x = 0, H \ x = and hence X C Y. By (I33T1) . (13321) . and (^241) . <9Fi 
and Oi 7 ^ are R-linearly independent at <p = ip. By the implicit function theorem, it then 
follows that after shrinking V, if necessary, X is contained in a real-analytic submanifold of 
iL"l of codimension two. Hence the claimed result for X is established in Case 1. 

Case 2: m = tbd(A,/,) = I & m g (X^) = 2. By Theorem I5.1f i). applied to the char- 
acteristic function xd, for any e > sufficiently small there exists an open neighborhood 
V C il? T of ip so that for any <p € V, L{ip) has precisely one Dirichlet eigenvalue, denoted by 
/J,(<p) in the open disk D £ = D £ (X^) and none on the boundary dD £ . As n((p) is simple, it 
follows from the inverse function theorem that the mapping /i : V — > C is analytic. In view 
of Lemma 13.11 

X C {(,9 e V | m 2 (M</>), ¥>) = m 3 {n(ip),(p) = 0} . (3.25) 



Consider the functionals, 



and 



In view of Lemma |2.1[ f/i and i?2 are analytic, and by (|3.25p . 

#1 1 X = ^2 1 x = . 
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Next, we will compute the L 2 -gradients of Hi and H 2 at tp = ip. By the chain rule, we have 
that at ip = ip 

dH\ = d\m 2 {\^,ip) dfi + dm 2 (X^, ip) (3.26) 

and 

dH 2 = d\m 3 (\,/j,ij)) dfi + dm 3 (X^, ip) . (3.27) 

Using the identity XdCmCv)) ¥>) = for (/? € V and that X-DO^Cy)) ¥>) ^ by the assumed 
simplicity of /J,(<p) we obtain that 

dfi= — — dxD 

XD 

where d\ D = dxo{X^,ip) and xd = XdOWO- By (|3.15|) . 

-2<9xd = Mi * Mi + M 2 * M 2 + 2Mi * M 2 , 



and hence, 



In particular, 



By Lemma \2.14\ 



and 



d<u = — !— (Mi * Mi + M 2 * M 2 + 2Mi * M 2 ) . (3.28) 



*U^(J). (3.29) 



9m 2 = imiM 2 * M 2 - im 2 M x * M 2 (3.30) 



<9m 3 = im 3 Mi * M 2 - im 4 Mi * Mi . (3.31) 
As at (A, cp) = (X^,tp), M = Id 2x2 we get that 

^L-n^fn) ( 3 - 32 ) 



and 

dm 3 \ x=Q = -i(^j . (3.33) 
Combining (|3.26p - (|3.33p we then obtain at (p = ip 

dHi = «i (Mi * Mi + M 2 * M 2 + 2Mi * M 2 ) + iM 2 * M 2 (3.34) 

dH 2 = k 2 (Mi * Mi + M 2 * M 2 + 2Mi * M 2 ) - iM\ * M 1 (3.35) 
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and 



and 

**U -*(})+* (J 

where 

Kl ■= d x m 2 /2xD and k 2 := d x rh 3 /2xD ■ (3.36) 
Arguing as in Case 1 we compute 

i(afTi + 551)1^ = i(l/2 + Im(« 1 )) Q (3.37) 

-®)L=o = 5 (_\) -iBa(«i) Q (3.38) 

~ (3F 2 + dH 2 ) | s=0 = i( - 1/2 + Im(K 2 )) Q (3.39) 

^(^-^)L=o = £ (_\) "* Re M (J) • ( 3 - 4 °) 
For any analytic function F : V — >■ C denote for simplicity 

dijF : = I(5i? + aF) and 8jF := — (dF - OF) . 

We now show that 

rank R {^i?i, d T H h d R H 2 , 8^} > 2 . (3.41) 
Assume on the contrary that the rank above is one. Then it follows from (|3.37p - (|3,40p that 

% i 

Ki = a — — and k 2 = a + -, where a € M . (3.42) 

This together with (|3,34p and (|3.35|) imply that at ip = ip 

dHi - dH 2 = -2iMt * M 2 . (3.43) 
As the rank in (13.411) is assumed to be one, we get from Lemma 13.41 below that 

Mi * M 2 = . 
It means that at ip = ip, for any < x < 1 

m\(x, X^)m 2 (x, X^p) = and m 3 (x, X^m^x, X^) = 0. (3.44) 
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Multiplying the first row of L(ip)Mi = X^Mi by m\ and the second by m.2 yields 

im'im^ = X^mim^ and — im' 3 m2 = X^m^m2- 

Taking the difference of the two equations and using the Wronskian identity one then gets 

i{vn! x m^ + w! z m2) = A^. (3.45) 

In the same way one gets, after multiplying the first row of L{ip)M.i = \^Mi by and 
the second by mi 

im^m^ = \1pm2m3 and — im'^mi = X^m^mi 

leading to 

i(m 2 m3 + m'^mi) = —X^p. (3.46) 
Adding (|3.45p and ()3.46j) one obtains 

d x (mim/i + 777.2777.3) = 

or, in view of the Wronskian identity, 

<9 X (77717774) = . 

As mim4 I Q = 1 one therefore has 

mi(x, X^m^x, Xip) = 1 V < x < 1. 
This combined with (I3.44D leads to 

m,2(x, Xj/j) = and ms(x, A^) = V < x < 1. 
Multiplying the first row of L{ip)M2 = X^M2 by m\ and using that 7712 = yields 

= ipi 7714ml = ip\. 
As i/j is in iL% one has 7/^2 = — Vh and hence 

iff = 0. 

A simple computation (cf. Lemma l6.4p shows that 

. e~ a 

M(A,V) 



^=0 v eiX 
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Hence, 

"T-2(A, 0) = m3(A, 0) = and XD(A,0) = sinA 

and by ([336]) 

Ki = K 2 = 0. 

This contradicts (|3,42[) , Therefore, (|3.41|) holds. By the implicit function theorem it then 
follows that, after shrinking V if necessary, X is contained in a real- analytic submanifold in 
iL"l of codimension two. □ 

Lemma 3.4. // Mi * M 2 # then 

[diH! and d R (H t - H 2 )\ or [djHx and di{H x - H 2 )] 

are M-linearly independent. 

Proof. As Mi*M 2 ^ theninviewof ([333]) d R {H x -H 2 ) ^ or d I (H 1 -H 2 ) ^ 0. Assume 
for example that di{H\ — H 2 ) ^ 0. Assume that 

ad I H 1 +/3d I (H 1 -H 2 ) = 

where (a, /3) / 0, a, /3 S M. Restricting the equality above at x = and using that by 
([33D) - ([3^0J) and (13^21) . <9/(iii - #2)| z=0 = and diH]\ x=Q ^ 0, we obtain that a = 0. 
Hence, /3<9/(#i - # 2 ) = 0. As <9/(#i - ^ we see that (3 = 0. This shows that S/iTi 
and di{H\ — H 2 ) are M-linearly independent. The case d R {H\ — H 2 ) ^ is considered in 
the same way. □ 

Theorem 13.21 and Theorem 13.31 are now used to prove Theorem 11.21 stated in the intro- 
duction. 

Proof of Theorem \1.2[ As the case N £ Z>i is treated in the same way as N = we 
concentrate on the latter case only. Let with £ ^ £ be arbitrary elements in <S p . It is 
to show that there exists a continuous path 7* : [0, 1] — > S p with 7*(0) = £ and 7*(1) = £• 
The path 7* will be constructed by deforming the straight line £, parametrized by 

7° : [0,1] -+iL*,t^(l-t)( + t£. 

First let us observe that as the straight line I is compact, Lemma 11.11 implies that there 
exist a tubular neighborhood Hi of ^, 

Ut := {if G ih? r [ dist(yj, I) < 5} 

for some 5 > and an integer R > so that for any tp £ Ui, the eigenvalues A+ and 
A~ = An of L(ip) with \n\ > R are in the disk D n whereas the 4i? + 2 remaining eigenvalues 
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A^, \n\ < R, are contained in Br. In addition, in view of Lemma 12.101 we can ensure that 
for any <p G Ui and for any \n\ > R, fj, n G D n , and the remaining 2R+1 Dirichlet eigenvalues 
Mn £ Br, \n\ < R. The path 7 will be deformed within Ui. Note that for any \n\ > R, 
either A+ and A~ are both simple periodic eigenvalues or A+ is a real periodic eigenvalue 
with m 9 (A+) = 2 and m p (A+) = 2. Hence to verify that a potential p £ Ui is standard it 
suffices to study the eigenvalues A^ with \n\ < R. 

As by Theorem 1 1 .4^ S p is open and the endpoints (, £ of 7 are assumed to be in S p 
there exist open balls V^, in S p HUi centered at ( respectively £. 

In a first step we apply Proposition ^. 5| based on Theorem [231 to show that there exists 
a path 7 1 : [0, 1] — > Ui with 7 1 (0) G and 7 1 (1) G Vg so that for any ^ on 7 1 , no periodic 
eigenvalue A^ with |n| < R has geometric multiplicity two. Note that the path 7^ : [0, 1] — > 
V c [ 7€ : [0, 1] -> V e ], connecting 7c (0) = ( [7f(0) = £] with 7c (l) = 7 1 (0) [ 7e (l) = 7 1 (1)] by 
a straight line is in SpDUg. 

Then we apply Proposition I3.7[ based on Theorem l3.2t to show that 7 1 can be deformed 
within Ui to a path 7 2 with the same end points as 7 1 so that for any p on j 2 , all its 
periodic eigenvalues A J with \n\ < R are simple. In particular, -y 2 is contained in S p . The 
path 7* is then defined by concatenating 7 ^, 7 2 , and 7j T 1 , i.e., 7* = 7^" 0^0 7^. 

To describe our construction of 7 1 in more detail we first introduce some more notation. 
Recall that for any Dirichlet eigenvalue fj, of L(p) with ip G L 2 ,m£)(/u) = rri£)(fi,p) denotes 
its algebraic multiplicity. It is convenient to set moifj) = mz)(fj,,<p) = for any [i in C 
which is not a Dirichlet eigenvalue of L(cp). Note that for any ip G Ui one has 

m D (\±(.<p)) <2R+l V|n| < R. 

Furthermore introduce for any ip G ^ 

M° := max{m D ()£((p)) | |n| < i?; m fl (A±(^)) = 2}. 

We point out that 

< m£ <2R+l VipeU e . 

Finally, for any continuous path 7 : [0, 1] — >■ lAg set 

M^ 3 := max{M^ t) | < t < 1} . 

Note that M^ 3 = implies that for any p G 7 there is no periodic eigenvalue A^ with 
\n\ < R and m s (A±) = 2. If = 0, choose 7 1 to be 7 . On the other hand, if > 0, 
then Proposition 13.51 says that there exists a continuous path 7 : [0, 1] — > Ui, connecting 
with so that MP < M® . In particular, 7°(0) G and 7 °(1) G V^. This procedure 
is iterated till we get a continuous path 7 1 : [0, 1] — >■ Ui connecting with so that 
M D 1= 0. 
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To deform 7 1 to 7 2 we have to deal with potentials ip with multiple periodic eigenvalues 
A^(</?) of geometric multiplicity one, i.e., m p (A±(<p)) > 2 and m g {\±((p)) = 1. To this end 
introduce for any ip 

M'P = max{m p (\±(<p)) \ \n\ < R}. 

As 1 < m p (\±(ip)) < 4R + 2 for any (p in it follows that 1 < M| < 4R + 2. Moreover, 
by construction 

M p lm , = 1 and M p uu = 1. 

7 (0) 7 1 ( 1 ) 

Finally, for a continuous path 7 : [0, 1] — > Ui define 

MP :=max{Mj () | < t < 1}. 

We now deform the path 7 . If M p x = 1, then 7 1 is already a path in S p and we set := 7 . 
On the other hand, if M p 1 > 2, Proposition 13.71 implies that there exists a continuous path 
7 1 : [0,1] from 7 1 (0) to 7 1 (1) so that M? 1 < M p a and = 0. This procedure is 

iterated till we get a continuous path 7 2 : [0, 1] — > Ue from 7 1 (0) to 7 1 (1) so that MK = 1< 
Then 7 2 is a path inside S p connecting 7 1 (0) with 7 1 (1). □ 

It remains to prove the two propositions used in the proof of Theorem 11.21 

Proposition 3.5. Let 7 : [0, 1] — > Un be a continuous path with standard potentials as end 
points, i.e., ( := 7(0), ^ := 7(1) S S p , and ( 7^ £. Denote by V^,V^ open disjoint balls 
in S p HUi centered at (, respectively ^. If > then there exists a continuous path 
7 : [0, 1] ->■ Ut with 7(0) E V c , 7(1) 6 V ? and < M^. 

Proof. For any </> £ 7, denote by 

A 1 (^), • • • , X K (ip), K = i^ ez>„ 

the list of different periodic eigenvalues of L(tp) inside Br with m g (X k ((p)) = 2 for any 
1 < k < K. If M^ 1 < M^, then choose an open ball C Hi centered at <p so that for any 

^ ^ ^ iw 7 

The existence of such neighborhood follows easily from the second statement of Theorem 
and Theorem 15.11 (i) applied with \ = Xd- On the other hand, if = , let 



MP < M/f (< A£?) . (3.47) 



I v ■= {1 < 3 < K I m D (A-») = M 7 D }. 
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By Theorem 13.31 applied to (A J (ip), ip) for any j G /, there exists a path connected neigh- 
borhood W v of ip in £^ and a union iJ^ = Ujgj 2^ of submanifolds ^ of codimension two 
which are closed in W v so that 

{V> G >%, | M^ 3 = Mf } C ^. (3.48) 

By shrinking Wm, if necessary, we further can assume that 

< M° (= M°) W € >V (3.49) 

In addition, if ip is either £ or £ we assume that C or C respectively. As 
{7(t) j < t < 1} is compact the cover (W ¥ ,) ¥ , g7 ([o,i]) admits a finite subcover (W^j^A 
where A C 7([0, 1]) is finite and contains £ and £. We claim that there exists a sequence 
Wi = W w l < i < A = A 7 with ^ £ A so that Wi_i nW^t) for any 2 < j < A 7 and 
ipi = Q or pn = £• Indeed, choose </?i = £ to begin with. Then 7~ 1 (Wi) is an open subset 
of [0,1]. As V ? n V 5 = it follows that 

ti := sup7 _1 (>Vi) < 1. 

As (W ¥ ,) V ieA covers 7([0, 1]) there exists (p2 G A with 7(ti) G W2- As W2 is open and 
7 : [0, 1] — >■ Ui is continuous it then follows that W\ fl W2 7^ 0- Continuing in this way one 
obtains the sequence Wi with <^jGA, 1 < i < A = A 7 so that ipi = C, <P>N = £> an d W»-i fl 
Wi 7^ for any 2 < i < N . As for any 1 < i < N,Zi = Z^. is a finite union of submanifolds 
of codimension two it then follows that for any 2 < i < N, (Wi-i fl Wj)\(.2j-i U Z$) 7^ 0. 

For any 2 < i < N, choose r/j G (Wj-i n Wi)\(-Zi_i By (^17]) - (13^9] ) one concludes 

that for any 2 < i < N, < M® and 

VuVi+i S Wi\Zi, 

As 2j is a finite union of submanifolds of codimension two which are closed in Wi, Lemma [3.6l 
stated below applies repeatedly. Hence for any 2 < i < N — 1, there exists a continuous 
path 7i : [0, 1] ->■ W»\^i such that 7;(0) = 7/ f and = r] i+1 . By (^47D - (^l9D one has 

< M®. As 772 G Wi C and t?at G Wat C it then follows that the concatena- 
tion 7 of 72, . . . , 7jv-i is a continuous curve 7 : [0, 1] — > Ui with the properties listed in 
Proposition 13.51 □ 

Let us now state and prove the lemma referred to in the proof of Proposition 13.51 

Lemma 3.6. Let U be an open, path connected set in a Hilbert space E and let Z CW be 
a closed smooth submanifold of codimension two. Then U\Z is open and path connected. 

Proof. This lemma is well known. In fact, it can be proved following the line of arguments 
used in Proposition 13.51 and by taking into account the following special case, where Z is a 
linear subspace of E of codimension two and hence E\Z is obviously path connected. □ 
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Proposition 3.7. Let 7 : [0, 1] — > U(. be a continuous path with standard potentials as end 
points so that = 0. If > 2, then there exists a continuous path 7 : [0, 1] — > Ui with 
the same end points as 7, M-* = 0, and M~ < My. 

Proof. The assumption = implies that MBq^ = and M5i) = 0- As 7(0) and 
7(1) are both standard potentials one concludes from Proposition 12.71 that all their periodic 
eigenvalues Aj with \n\ < R are simple. In particular, one has MP^ = 1 and M^m = 1- 
For any ip G 7 denote by 

A 1 (</>), ■.■,A- PC (^) ! K = K V €Z> 

the list of different multiple periodic eigenvalues of L{ip) inside Br. By assumption, 
m g (X t ((p)) = 1 for 1 < i < K. If < My , by the second statement of Theorem 13.21 
and Theorem l5.ll (i) applied with \ = Xp an d X = Xd there exists a neighborhood C 
of (p so that for any ip G 

< MP(< MP) and M^ = 0. 
On the other hand, if M| = My, let 

/ = I v := {1 < j < K I m p (A%)) = M^}. 

By Theorem \'6.2\ applied to (ip, A J (y)) for any j G /, there exists an open ball in Ug, 
centered at <p and a union Z^ = Uj^i Z^, of submanifolds Z^ of codimension two which are 
closed in W v so that 

{V g W„ I MJ = M^} c ^. 
By shrinking W<~, if necessary, we further can assume that for any ip G 

MP < M^ and M^ = 0. 

Then argue as in the proof of Proposition 13.51 to conclude that there is a continuous path 
7 : [0, 1] -> U e with the same end points as 7, M? = 0, and M| < Mf . □ 

It turns out that the proof of Theorem 11.21 actually leads to the following additional 
result. We say that a potential <p G I? c is R-simple, R G Z>_i, if /i n ,A^ G Z? n for any 
|n| > i?, /injA^ G .Br for any |n| < R, and the eigenvalues (A+, Xn)\n\<R are au simple. 
Note that the zero potential is (— l)-simple. Denote by T R the set of i?-simple potentials 
in I? c and by T the set of potentials ^ 6 L c 2 so that spec p L(ip) is simple. 

Inspecting the proof of Theorem 1 1 . 2 1 one sees that at the same time, the following result 
has been proved. 

Corollary 3.8. For any N G Z>o and for any £,£ £ TCiiH^ there exists R G Z>_i such 
that C and ^ are path connected in T R H iH^ . 
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Proof. First, consider the case N = 0. Take £, £ G TdiL^. and denote by £ the straight line 
connecting £ with £ in zL,;?. By the counting lemmas and the fact that i is compact, there 
exists R G Z>_i so that for any <p € £, fi n , A^ G -D n for any |n| > R, and /%, A^ G Br, for 
any |n| < R. With this choice of R, one can follow the arguments of the proof of Theorem 
ll.2l to conclude that there exists a path 7 in T R fMLf. connecting ( and £. The case N G Z>i 
is treated similarly. □ 

For later applications it is useful to consider also a stronger version of the notion of R- 
simple potentials. For any ip G iL^ denote by Isoo(V') the connected component containing 
ip of the isospectral set, 

Iso(V') := {<p G iL? r I spec p L(ip) = spec p L(?/0} H 

We say that a potential ip G iL^ is uniformly R-simple, R G Z>_i, if Isoo(^) f= T R . In other 
words, we require that for any ip G Isoo(V')! the periodic and the Dirichlet eigenvalues of 
L{ip) are contained in BnL)[J^ >R D n and, when counted with their algebraic multiplicities, 
satisfy the following conditions: 

(51) #(£>„ n spec p L(ip)) = 2, #(D n n spec D = 1 V|n| > R; 

(52) #(5^ n spec p L(<^)) = 4R + 2, #(B R D spec D L(^)) = 2R + 1; 

(53) The ball Br contains only simple periodic eigenvalues. 

We denote the set of uniformly i?-simple potentials by U R and let U* := |Jj ?> _ 1 Z^ i? . In 
view of the Counting Lemmas (see Lemma 11.11 and Lemma I2.10P and the compactness of 
Isoo(^) (see Lemma f3 . 1 1 1 below) it follows that for any ./V G Z>o, 

T n iH? CU*n iH?. (3.50) 

Proposition 3.9. For any N G Z>o, the set TniH^ is dense in iH^ . As a consequence, 
IA* fl iH^ is dense in iH^ . 

Proof Let N G Z> and let ip € . In view of the Counting Lemmas there exists 
R G Z>_i and an open neighborhood U{ip) of ip in iH^ such that any ip G U(tp) satisfies 
conditions (SI) and (S2). It follows from Theorem 13.21 and Theorem 13.31 that T R n U{ip) 
is open and dense in U{ip). In view of Proposition 12. 7| Lemma |2.12[ and Theorem 13.3 ^ for 
any \n\ > R, the set 

Z n := {ip G Uty) I A-(^) = \+(<p)} C U[$) 
3 The periodic eigenvalues are counted with their algebraic multiplicities. 
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is contained in a submanifold in U(ip) of (real) codimension two. Hence, for any |n| > R, 
Z n is closed and nowhere dense in T R (~l U{ip), and by the Baire theorem the set 

Tnc/(V) = (T R nu(r/>j) \ [J z n 

\n\>R 

is dense in U(tp). This completes the proof of the first statement of Proposition 13.91 The 
second statement then follows from (|3.50p . □ 

We finish this appendix by showing that U* n iH^ , N > 1, contains a subset which is 
open in iHjr. Here we use that for N > 1, the Counting Lemmas for the periodic and the 
Dirichlet spectrum of L(<p) with p in i-f/^ hold uniformly on any bounded subset of iH*/ . 

Proposition 3.10. ViV G Z>i, D iH^ contains a subset which is open and dense in 
iH r N . 

We first need to make some preliminary considerations. It follows from [9, Theorem 
13.4 and 13.5] that the quantities Ji{p) ■= Jq \pi\ 2 dx and J^i^f) '■= f (\d x <Pi\ 2 — \pi\ 4 ) dx 
are spectral invariants of the periodic spectrum of L(p) for cp G iHj,. By the generalized 
Gagliardo-Nirenberg inequality there exist absolute constants Ci,C 2 > so that for any 
u G L 2 (T,C) and e > 

IM| L 4 < Cill^nH 1 / 4 !^!! 3 / 4 + C 2 |M| < Ci(£ 2 \\d x u\\ 1 ' 2 + ||n|| 3 / 2 /e 2 ) + C 2 \\u\\ 

- see |19^ Theorem 1] with n = 1 (for the case of a circle instead of an interval), j = 0,p = 
4,m = l,r = 2,q = 2, and a = 1/4. By taking e 2 = l/(3Ci) in the inequality above one 
obtains 

\\u\\ 4 L 4 < i Ru|| 2 + 3 7 Cf ||w|| 6 + 3 3 C 2 4 ||u|| 4 . 

Writing J* \d x ipi\ 2 dx = J 2 + Q | 4 dx it then follows that § \d x ipi\ 2 dx < J 2 + C{jf + 
J 2 ) where C = max(3 7 Cf , 3 3 C|). We thus have proved that any p G Isoo(VO H ifff , can be 
bounded by 

II ll^i < (3J2 + 3C(J 3 + J 2 ) + J X ) ^ < 311^11^1 +3C(||Vi f + IIV-ill 4 )- 

where U^iHm := ||<9 a; V'i|| 2 + HVMI 2 - This implies that for any p > there exists a positive 
constant C p > such that for any -i/? G Bl, 

lso (^)niH^B l Cp , (3.51) 

where := {ip G z'-E/^ | ||y||jjiv < p}. 
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Proof of Proposition \3.1(A Take N G Z>i, p > 0, and consider the set 

X N p := (J Isoo(^) n iff* . 

In view of (|3.5ip we have the following sequence of continuous embedding 

where the last embedding is compact. Hence, Xp is a precompact set in iL? and, by the 
Counting Lemma, there exists R = R p > such that any cp G X^ satisfies conditions (SI) 
and (S2). This implies that T R D Bj? QU* n tfl"^. Hence, 

TnBpv CVpQU* (1 iH?, (3.52) 

where 7-p denotes the open subset T R n B^ of ifl^. By Proposition the set TnB* 
is dense in 0^. This together with the first inclusion in (|3,52[) implies that V p is open 
and dense in Bp . Therefore IJpgz>i ls °P en an d dense in and thus is a subset of 
U* n iiJjT with the claimed properties. □ 

We complete this section by proving the following result used above to establish (|3,50p . 
Lemma 3.11. For any ip in iL^, Iso(ip) is compact. 

Proof. Let (ip n )n>i be a sequence in Iso(V ) )- By [9j Theorem 13.4] the L 2 -norm is a spectral 
invariant of the periodic spectrum of L(cp) for cp G iLf.. Hence, \\cp n \\ = W^Wt f° r an Y n ^ 1) 
and therefore there exist y> G iL 2 and a weakly convergent subsequence, which we again 
denote by (<p n )n>ii such that cp n — > ip as n —> oo. By [9l Theorem 4.1], for any A G C the 
map L 2 C — >■ C, <p \- > A(X,cp), is compact and hence A(\,ip) = lim n _ > . QO A(A, <p n ) = A(A, (p). 
By the definition of Iso(ifj) it then follows that cp G Iso(^>), implying that \\cp\\ = |j^||. As a 
consequence ip n — > cp in zL 2 . This shows that Iso(V>) is a compact subset of iL 2 . □ 

4 Proof of Theorem 11.41 

The aim of this section is to prove Theorem ll.4[ 

Proof of Theorem \l-4\ We begin by showing that S p n iH~? and Sd H iff^ are open. First 
consider the case S p r\iH® = S p . For ip £ S p arbitrary choose R G Z>o as in Lemma [TTT1 and 
let £ > be smaller than twice the distance between any two different periodic eigenvalues 
of L(ip) in Br. By Lemma ll-H Proposition 12.31 and Theorem I5.1( i). there exists an open 
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neighborhood of ip in L 2 so that for any <p G W^p, #(D n fl spec p L(9?)) = 2 and 
#(Br n spec p L(</?)) = AR + 2 and for any eigenvalue A £ Br n spec p L(tp), 

#{D £ (X) nspec p L(^)) = #(D £ (A) nspec p L(^)) 

where -D £ (A) C C is the open disk of radius e centered at A. By the definition of S p , one then 
concludes that n iL 2 C «S p . The openness of S p n iH* (N > 1) and 5 D n iH^(N > 0) 
is proved in a similar fashion. Next we show that 5 P is dense in iL 2 . As is dense in 
iL 2 it suffices to show that S v n is dense in %H\ . Actually we prove a slightly stronger 
statement. Denote by B x p the open ball of radius p > in H^, centered at 0. Choose 
R = R p > 1 as in Corollary 12.51 and introduce 

<Sp,R '■= {f £ S p | A^ simple V [n| < i?} . 

We claim that S Pj r n is dense in £>* fl iL 2 .. For any </? € ^ and i? as above introduce 

Qp,h(A):= II (A+ - AXA^ - A). 

|fc|<R 

Then Q Pi _r is a polynomial in A of degree AR + 2 with coefficients depending analytically in 
<p on Bp. Indeed, any coefficient of the polynomial Q p ,r is a symmetric polynomial in A fc , 
I A; I < i£, and hence can be written as a polynomial in 

sn:= E( A fc) n + ( A H n ' 0<n<4R + 2. 

\k\<R 

To see that each s n is analytic on note that by the argument principle, s n is given by 



1 

2tH 



A|=7r(R+l/4) 



Xp(A) 



and hence analytic as x p (A, 92) and x p (X,(p) are analytic on C x L 2 and Xp{\<p) does not 
vanish for ip £ B p and Ain{AeC||A| = Rtt + vr/4}. Denote by P p ,_r the discriminant of 
the polynomial Q P) h- Recall that the discriminant is the resultant of Q p ,r and its derivative 
9\Q Pi r(\). It is given by 
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where (ao, a%, 04^+2) is the coefficient vector of Q p ,r and repeated 4i? + 1 times whereas 
(bo, b\, &4R+1) is the one of Q p ,r, and repeated 4i?+2 times. Note that T> p ^r is an analytic 
function on Bp. Furthermore, it has the property that it vanishes at an element ip G Bp iff 
QpiRi',^) has at least one multiple zero - see e.g. [14J. In particular, we have 

{ip e b\ n ml l v p , R (<p) ^ 0} = «s P)ii n b\. 

To show that n is dense in Bp n i.ff * it thus suffices to show that S Pt R n 7^ 
and that fp.i?, is real valued on Bp n iil*. To see that £> p ,,r is real valued on Bp n i.ff* 
note that by Proposition 12.71 for any k G Z and <£> in BlniH^, Ajj-(^) = A£(p). Hence by 
the definition of Q Pj /j, its coefficients are real valued and £> p ,,r is therefore real valued on 
B l p n iR 7 }. Finally, to see that S P)R (16^0 we use that elements in ii7* near can be 
represented by Birkhoff coordinates. Indeed, by Theorem 1.1 of TlJ and formula (3.8) of 
[TT] . for any element ip of iH} near with Birkhoff coordinates (xk,yk)kez satisfying for 
any given k G Z, x\ + y\ 7^ 0, one has A^ 7^ A^. Thus by Theorem 1.1 of [TT], any sequence 
(xk->yk)k& with values in iR x iR and X}fcez(H~ l^l) 2 ^*;! 2 + |yfc| 2 ) sufficiently small so that 
x k + y\ 7^ ^ f° r an y 1^1 < is an element in S p ,r (1/31. In the same way one shows that 
S p fl iij^ is dense in iH^f for any A?" G Z>o- 

The corresponding density result for Sd is proved in a similar fashion. As iH} is dense 
in iLj?, it suffices to show that Sd H iiT* is dense in iH}. For any p > choose R = R p > 1 
so that for any ip E Bl~ the statement of Lemma 12.101 holds. Introduce 

Sd,r ■= {<P> G iL 2 . I /x n simple and /z n 7^ /Z„ V|n| < R} . 

We claim that for any p > 0, 5d,.R H is dense in Bp fl ii/f . Arguing as above one reduces 
in a first step the proof of the density of Sd,r H in fl iH}. to the proof of Sd,r C\Bp ^ ®. 
Here 

Qd,r := J~[ (/ife - A )(Afc - A) 

|fc|<R 

plays the role of Q p ,r- Next we use again that by Theorem 1.1 in |llj . any sequence 
(xk,Vk)k&z with values in iR x iR and ^ fcgZ (l + | A: | ) 2 ( 1 0;^ | 2 + \yk\ 2 ) sufficiently small, rep- 
resents an element p in Bp close to 0. Together with Proposition 4.1 in [11] it follows that 
if Xk 7^ and y k = 0, then A fc / A^ and fi k G {A^,A^}. Hence /ifc g" R and \ik / Mfe- In 
addition, for Ylkezi^ + l^l) 2 (l x fc| 2 + bfcl 2 ) sufficiently small, /U&,A fe G for any fc G Z. 
Hence, any sequence (xk,Uk)k& with values in iR x iR and X}fcez(l + l^l) 2 (l x fc| 2 + \Vk\ 2 ) 
sufficiently small, so that yk = for any \k\ < R, represents an element in Sd^r^iH} . The 
case N G Z>i is treated in a similar way. □ 

Inspecting the proof of Theorem 11.41 one sees that actually the following result for the 
set of potentials S* introduced at the end of Section 3 has been proved. 

Corollary 4.1. For any N G Z>q, S* P\iH^ is dense in iH^ . 
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5 Appendix A: L 2 -gradients of averaging functions 



In this appendix, in a quite general set-up, we state and prove a theorem on multiple roots 
of characteristic functions applied in the proofs of Theorem 13,21 and Theorem [ 



Theorem 5.1. Let F, \ : C x L 2 — > C be analytic maps and ifi an arbitrary but fixed 
element in L 2 . Assume that at G C, x(-,ip) h- as a zero °f order m > 1. Then the 
following statements hold: 

(i) For any e > sufficiently small there exists an open neighborhood V C L 2 of tp 
such that for any if E V, nas exactly m roots z\(<f), . . . , z m {ip), listed with their 
multiplicities, in the open disk D £ = D £ (z^p) := {A € C | |A — z^\ < e} and no roots on the 
boundary dD £ of D £ . 

(ii) The functional F x : V — > C, defined by 

rn 

F x {if) :=^F(^),^), 

3=1 

is analytic and at A) = (ip,z^) 

m 

dF x = m dF + ^ ajd™~ J dx 
j=o 

where aj € C, < j < m, and d denotes the L 2 -gradient with respect to if and d\ denotes 
the derivative with respect to A. If F(-,ijj) has a zero of order k > 1 at z^, then ao = . . . = 
a-k-i = 0; if k = m, then 



v xkK^Y 1 *=h 



" L ml V X (A,^) 

Remark 5.2. As x '■ C x L 2 — > C is analytic it follows that for any ip € I? c , dx '■ C —> L 2 , 
A i — y ®x\(tp A) * s ana fyti c an d so * s ^a^X / or an 2/ ^ — 1- 

Proof, (i) By the analyticity of x(-,'0) there exists e > so that x('>V0 does not vanish on 
D e \ {z^}. By the analyticity of x it then follows that there exists a neighborhood V of ^ in 
L 2 so that for any f £ V, %(-, does not vanish in a small tubular neighborhood of dD £ 
in C. It then follows by the argument principle that for any <f E V, x(';V 5 ) nas precisely m 
zeros in L> £ , when counted with their multiplicities. 

(ii) Again by the argument principle, for any if G V one has 

F x(?P) = t?f F(X,f)^\d\ (5.1) 
2vr? 7 aD e x(A, ¥>) 
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where x = d\X- Note that the integrand in (|5.ip is analytic on dD £ x V, whence F x 
is analytic on V. To compute its L 2 -gradient dF x it is convenient to introduce for g = 
(9i,92),h = (hi, fa) € L 2 C , ^ 

(g,h) r = / (gihi + g 2 h 2 )dx. 
Jo 

Then, by the definition of the L 2 -gradient, one has at = ip, 

F X (<P + sh) 



s=0 



d_ 

lQ D e ds 

By the product rule one gets at ip = ip 



1 

2tH 



F(X,ip + sh) 



x(X,ip + sh) 
X(\ip + sh) 



dX. 



1 



Hence dF x is given by 



dD' 



(dF, h) r — + F- f— (dx, h) r - \ (d X , h)rX 
X \X X 2 



dX. 



1 

2vri 



X. 



BF i . (>>->*rr m 

dD^X (A-^) m x 



(A - z^) m+1 F 



(A - 



X z 



Xdx) dX. 
(5-2) 

Here we used that dx = (9%) an d that dF, dx ■ C — > L 2 are analytic and hence in particular, 
the maps dF,dx,(dx) '■ C — >• L 2 are continuous. Furthermore, as by assumption, x('>V0 



has a zero of order m at A 



(A zy) F (Q^y anc [ ( A — — <9x are both analytic 



functions on D £ with values in L 2 . Hence by the argument principle, at <p = ip, 



1 

and by Cauchy's integral formula, 



1 

2tH 



X 

dD s X 



1 



<9FdA = m <9F 



\=Z,I 



(A - z^) m F 



9D e — z t/>) 
1 



(d X y dx 



(m — 1)! 



m— l 



(A - z^) m F 



X 



(d X ) 



and 



1 

2vri 



(A - ^) m+1 F X 



(A - 



<9xdA 



ml 



X=z,i 



(a - z^r+^x 



X z 



<9x • 
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Thus dF x at <p = ip is given by 



dF x = m dF 



+ 



d 



m—l 



\=z,p (m—l)! A 

(A - z^) m + l F x 



(A - H ) m F 



X 



d\dx 



ml 



X z 



The claimed formula for dF x at ip = ip then follows from the Leibniz rule. If F(-,ijj) has a 
zero of order k > 1 at A = then at (<p, A) = (ifi, z^) 

m 

dF x = m dF + a,jd™~ J dx, 
j=k 

i.e., a,- = for < j < k — 1. If A; = m, then 



<9-F x = m <9F + a m dx 



where in this case 



v X(A,V>) 



m! 



^0. 



□ 



Finally we record a few simple facts from linear algebra, also needed in Section [3j 
Consider / = (f\, f 2 ) in L 2 C and denote by £ = if the M-linear functional on the R- vector 
space iL 2 induced by /, 

£ : iL 2 —t C,h*-> (/, h) r , 

where ^ 

(f,h) r = [ (fih + f 2 h 2 )dx. 
Jo 

Write 1(h) as £r(K) + i£i(h) where £r = £f ; R and £j = £fj are the elements in the dual 
£{iL 2 ,R) of iL 2 r given by 



£ R {h) = Re((/, fc) r ) and £ T (h) = Im((/, /i) r ) . 
They can be expressed in terms of / and / = — (f 2 , f\) as follows 

£ R (h) = (*±l, h) and hlh) = {^J~, h) r . 



(5.3) 



(5.4) 



As the subspace %L r C L c is the subset of all elements <p S L c satisfying ip = (p it follows 
that and are in iL^. 

Using that / 1— > f is an involution and that for any c in C, (cf) = cf, the following 
lemma can be proved in a straightforward way. 
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Lemma 5.3. (i) £r,£i are W-linearly independent iff 3, 2i are ^-^ near ^y independent. 

(ii) £r,£i are W-linearly independent iff are C-linearly independent. 

(Hi) For any A € C \ {0}, £f,R, £f,i are W-linearly independent iff l\f,R, i\f t i are R- 
linearly independent. 

(iv) £f,Ri^f,i are ^-linearly dependent iff there exists A S C\{0} so that 

A/ + (A?) Q 
6 Appendix B: Examples 

In this section we consider potentials in iL 2 of the form (o 6 C, S; £ Z) 

^ a ,k^) = (.^ ikx ,-ae- 2mkx ). (6.1) 

Most of the results presented in this section can be found in [16]. We include them for 
the convenience of the reader. First we show that we can easily relate various spectra of 
L(<p a ,k) with the corresponding ones for k = 0. More generally, for an arbitrary potential 
if € L 2 , various spectra of L(ipie 2mkx , ip2e~ 2nlkx ) are related to the corresponding spectra 
of ((pi, (P2) by the following lemma which can be verified in a straightforward way. 

Lemma 6.1. Assume that f = (fi, f'2) is a solution of L{ip)f = A/ where tp E L 2 is 
arbitrary. Then (f\e l7zkx , f2e~ lnkx ) is a solution of 

L(ipie 2nikx , tp2e~ 2nikx )g = (A - kir)g. 

Corollary 6.2. For any ip € L 2 and the fundamental solution 

M(x, A) = M(x, A, ( Vl e 2lnkx , ^e" 2 ^')) 

of L(pie 2mkx , tp2£~ 2mkx ) is related to the fundamental solution M(x,X) of L(tpi, ^2) by 

M = diag (e lnkx , e' i7rkx ) ■ M(x, A + kir). 

Corollary 16.21 yields the following application. 

Proposition 6.3. For any ip = (ipi, ^2) E L 2 and any k E Z, 

spec p (L(^ l e 2wikx ,ip 2 e- 27Tikx )) = spec p (L(<^i, v? 2 )) - kir 

and 

spec D {L^ 1 e 2nikx ,if2e- 2mkx )) = s V ec D {L(ipx, tp 2 )) - kir 
(with multiplicities). 
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Proof. Recall that the characteristic functions Xp an d Xd are given by 

Xp (A) = (m 1 (A)+m 4 (A)) 2 -4 
2«Xd(A) = rh 4 (A) + m 3 (A) - m 2 (A) - mi (A). 

By Corollary E21 

Xp (A, { Vl e 2mkx , <p 2 e- 2mkx )) = Xp (X + fcvr, <p) 

and 

XD (A, {^ ikx , V2e- 2mkx )) = (-l) k XD(X + kir, <p). 

As spec p (L((pie 2mkx , ip2e~ 27T1lkx )) and s^ec D {L{ipie 2mkx , tp2e~ 2mkx )) are the zero sets (with 
multiplicities) of x P (A, (9?ie 2 ™ fc:r , (^e -27 ™^)) respectively xd{K (<fie 2 ™ kx , (p 2 e~ 2mkx )), the 
claimed identities follow. □ 

In view of Proposition 16.31 instead of the potentials ip a ^ defined by (|6.ip . it suffices to 
consider the case k = 0, 

fa = Va.o = (a, -a), a G C. 
In a straightforward way one verifies the following 

Lemma 6.4. For any a G C, 

COS — l\ - '- 10, > '- \ ,„ „. 

^ .- S in(^) , v " duT**) (6-2) 

?a — j^— i cos(kx) + zA — ' / 

w/iere 



re = re(A, a) = a/ A 2 + |a| 2 (6.3) 

Remark 6.5. ^Vofe that k depends only on the modulus \a\ of a and that the right hand 
side of (|6.2p does not depend on the choice of the sign of the root \/X 2 + \a\ 2 as cosine is an 
even function whereas sine is odd. Furthermore, the right hand side of (|6.2p is well defined 
at K = as = x + {k 2 ) . 

Periodic spectrum of L((p a ): By Lemma [6741 one has A(A, <p a ) = 2cosre(A) and hence the 
characteristic function of L(tp a ), considered on the interval [0,2] with periodic boundary 
conditions, is given by 

Xp (\,^a) = A 2 (A,^ a ) - 4 = -4sin 2 ( K (A)). (6.4) 

The periodic eigenvalues of L(<p a ) are thus given by the A's satisfying re(A) = mr for some 
n G Z, or 

A 2 + \a\ 2 = nV. (6.5) 
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The monodromy matrix M for such a A is given by 



when n 7^ and by 



M=[ l ~. lX * ) = ( ^J 01 , ^ , ) (6.7) 



when n = 0. It is convenient to list the periodic eigenvalues not in lexicographic ordering, 
but rather use the integer n G Z in f)6.5[) as an index. When listed in this way, we denote 
the periodic eigenvalues by A„, n G Z, which are defined as follows. For any n G Z with 
In7r| > lal denote 



2 



= A„ = sgn(n) • Xjri^ 

In view of (|6.6p . A+ defined above is a periodic eigenvalue of L(ip a ) of geometric multiplicity 
two. Using (|6.3p and (|6.4p one easily sees that A+ has algebraic multiplicity is two. Further, 
for any n G Z with < |rivr| < \a\ denote 



A^ = A n = sgn(re) • i \/| a l 2 — n 2 ir 2 . 

Again, in view of (j6.6|) . for n G Z with < |re7r| < |a|, A+ is a periodic eigenvalue of 
L((p a ) of geometric multiplicity two and, by (j6.3[) and (|6.4p . its algebraic multiplicity is two. 
Next note that for n = 0, one has A^ = ±z|a|. In view of (|6.7p . for a / the geometric 
multiplicity of Xq as well as of Aq equals one. In view of (|6.3p and (|6.4p the algebraic 
multiplicity of A^ and the one of Aq is one. For the eigenfunctions corresponding to 

Xq and Aq are the constant vectors (a, i\a\) resp. (a, — i\a\). We then obtain the following 
result, used in the proof of Theorem [ 



Lemma 6.6. For any k G Z, consider the potential f a ,-k = ( ae 2lnkx , — ae 2mkx ). Then 
A^ = kir ± i\a\ are periodic eigenvalues of L(ip a k) of algebraic multiplicity one. 

In the special case where \a\ = n a n for some n a G Z>o set X± na = 0. The above 
computations yield 

Corollary 6.7. (i) For a G C, ip a is a standard potential iff \a\ < tt. 

(ii) For a G C, any multiple periodic eigenvalue A of L{ip a ) satisfies m p (X) = 2 and 
m g {\) = 2 iff \a\ > 7r and |a| 7^ 7rZ. 

^iiij If a G C\ {0} satisfies \a\ G 7rZ, f/ien is a periodic eigenvalue of L{<p a ) of algebraic 
multiplicity four. 
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Isospectral set Isoo(ip a ): Denote by Isoo(<^a) the connected component containing <p a of the 
set 1so(<p a ) of all potentials ip € iL 2 with spec p L(ip) = spec L((p a ). By the computations 
above one sees that 

{\a\e ia \a eR}C Iso (^ a )- 

For \a\ sufficiently small, <p a is in the domain of the Birkhoff map introduced in Theorem 
1.1 in As the Z/2-norm is a spectral invariance it then follows that, for \a\ sufficiently 
small, all of Iso(<£> a ) is contained in this domain. According to the computations above (p a 
is a 1-gap potential. It then follows from Theorem 1.1 in [11] and its proof that Iso(</? a ) is 
homeomorphic to a circle. As a consequence 

Iso((/? a ) = Isoo(<£a) = {\a\e ia \ a € M}. 

Most likely the latter identities remain true for any \a\ < it, but we have not verified this. 
For \a\ > 7r, Li and McLaughlin observed that Isoo((/? a ) is larger than {|a|e*° | a € M}. 
Indeed, let ir < \a\ < 2tt. Then = ±i t/\a\ 2 — tt 2 are periodic eigenvalues of geometric 
multiplicity two. In subsection 4.3 of |16| . using Backlund transformation techniques, for- 
mulas of solutions of fNLS are presented which evolve on Isoo((/? a ) and depend explicitly on 
x. They are parametrized by the punctured complex plane C* := {e p e 2 ^} with coordinates 
(p, /3) £ M x R/27rZ, whereas the angle variable a in {|a|e lQ \ a € M} is proportional to 
the time t. As t — > ±oo these solutions approach the x independent solutions evolving 
on {|a|e* Q |a S M}. Due to the trace formulas ([16). Section 2.4), on the orbits of these 
solutions, the periodic eigenvalues have geometric multiplicity one. 

Dirichlet spectrum of L((p a ): By Lemma 16.41 the characteristic function of the Dirichlet 
spectrum of L(ip a ) is given by 

sinK / a — a\ , 

XD(X,<Pa) = — U + —). (6.8) 

The Dirichlet eigenvalues of L{ip a ) are thus given by the A's satisfying 

K (A) = nvr (6.9) 

for some n € Z \ {0} or 

A + ^ = 0. (6.10) 

Note that by the definition of the Dirichlet boundary conditions, any Dirichlet eigenvalue 
is of geometric multiplicity one. It is convenient to list the Dirichlet eigenvalues not in 
lexicographic ordering, but rather use the integer n in (j6.9|) as an index. When listed in 
this way, we denote the Dirichlet eigenvalues by fi n , n € Z, which are defined as follows. 
For all n € Z with |wr| > \a\ denote 

£i n = sgn(n) ■ X/n 2/ K 2 — \a\ 2 . 
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From (j6.8[) it follows that jX n has algebraic multiplicity one. For all n G Z with < |n7r| < \a\ 
denote 

/i n = sgn(n) ■ i tf\a\ 2 — n 2 ir 2 . 

By the same arguments as in the case |n7r| > \a\, the algebraic multiplicity of fi n is equal 
to one iff jx n + 7^ and two otherwise. For n = denote 

fio = i Im(a). 

Again, by the same arguments, fiQ has algebraic multiplicity equal to one if 

[Im(a) 7^ and Im(a) 7^ ± ^/|a| 2 — n 2 7r 2 VO < |n7rj < |a|] or [Im(a) = and \a\ G" vrZ > o] 
or two if 

Im(a) G j± \/| a l 2 - n 2 -ir 2 | < |n7r| < |a|| 

or three if 

Im(a) = and \a\ G vrZ>o. 

In the special case where \a\ = n a ir for some n a G Z>o one has ft na = fi-n a = 0. The 
algebraic multiplicity of /% a is two (Im(a) 7^ 0) or three (Im(a) = 0). These computations 
lead to the following 

Corollary 6.8. Let a G C. Then 

(i) If \a\ < ir, then the Dirichlet spectrum of L(ip a ) is simple. 

(ii) If \a\ vrZ>o, then the only possible multiple Dirichlet eigenvalue is ilm(a). It is at 
most of algebraic multiplicity two. 

(Hi) If \a\ G vrZ>o, then is a Dirichlet eigenvalue of algebraic multiplicity two or three. 

(iv) For any < mr < \a\ or mr > \a\, fi n is a periodic eigenvalue of geometric and 
algebraic multiplicity two whereas for \a\ = nir G 7rZ>o, fi n = is aperiodic eigenvalue 
of algebraic multiplicity 4. 
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